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Abstract
A criterium of a closed subset of R2 to be homeomorphic to a closed
2–dimensional disk using only the local information about boundary
of this subset is given in the paper.
It is well-known that a fiber bundle over a sircle with the Kantor set
as a fiber is called Pontryagin bundle. Studying embeddings of Pontryagin
bundles into 2–dimensional manifolds autor required a criterium of a closed
subset of R2 to be homeomorphic to a closed 2–dimensional disk using only
the local information about boundary of this subset. The criterium of a sort
is considered in what follows.
Definition 1 Let X be a topological space, U – opened subset of X . We
will say that point x ∈ ∂U is accessible from U if there exists continuous
injective mapping ϕ : I → ClD such that ϕ(1) = x, ϕ([0, 1)) ⊂ IntU .
Theorem 1 Let D be a compact subset of R2 with nonempty interior. D
is homeomorphic to a closed 2-dimentional disk if and only if the following
conditions are realized:
1) set IntD is connected;
2) set R2 \D is connected;
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3) any x ∈ ∂D is accessible from IntD;
4) any x ∈ ∂D is accessible from R2 \D.
Proof. The immediate verification shows us that 2-dimentional closed disk
D embedded into R2 complies with the conditions 1) – 4).
Now we are going to prove the inverse statement which appears to be
considerably more untrivial.
Let D ⊂ R2 be a compact set satisfying the conditions 1) – 4).
The idea of later considerations is to decompose ∂D into two parts inter-
secting at two points and to verify the gomeomorphism of each of the parts
to an interval. That will imply the gomeomorphism of ∂D to a sircle S1
which involves the gomeomorphism of D to a disk.
First of all we will prove two simple statements we will make use of to
determinate main construction.
Lemma 1 Let U be an opened connected subset of R2. For any x1, x2 ∈ U
there exists a continuous injective mapping ψ : I → U such that ψ(0) = x1,
ψ(1) = x2.
Proof. It is known that an opened connected subset of locally arcwise con-
nected space is arcwise connected. This implies the existance of continuous
mapping
ψ′ : I → U,
such that ψ′(0) = x1, ψ
′(1) = x2.
For each y ∈ ψ′(I) we find ε = ε(y) > 0 to satisfy the implication
Bε(y) ⊂ U . The collection {Bε(y)}y∈ψ′(I) form the opened covering of ψ
′(I).
Since the set ψ′(I) is compact we can select a finit subcovering {Wi}
n
i=1.
For i, j ∈ {1, . . . , n}, i 6= j we join centers of disks Wi and Wj having
nonempty intersection by closed interval (it is evident that the interval be-
longs toWi∪Wj). We add intervals which connect points x1, x2 with centers
of disks from the collection {Wi}
n
i=1 containing these points to the system of
intervals received.
We obtain intervals from the system we built to be mutually nonparallel
by small perturbation of centers and radii of disks Wi, i = 1, . . . , n remaining
the properties of {Wi}
n
i=1 to be a covering of ψ
′(I) and to belong to U .
After we add all intersections of intervals to the set containing points x1,
x2 and the senters of disks Wi, i = 1, . . . , n we get a finit point set l. Denote
2
by L the system of closed intervals with endpoints in l which complies with
the following conditions:
— every element of L is subset of certain interval from the system of
intervals built beyond;
— the intersection of interior with the set l is empty for each element of
L.
We receive finite graph
R = (l, L)
embedded into R2 with the set of vertices l and the set of edges L. Moreover
we have an implication
R ⊂
n⋃
i=1
Wi .
The graph R is connected. Differently the set
⋃n
i=1Wi have to decompose
into two nonintersecting opened sets W (1), W (2) realizing the equations
ψ′(I) ⊂W (1) ∪W (2) , ψ′(I) ∩W (1) 6= ∅ , ψ′(I) ∩W (2) 6= ∅ .
contradicting to arcwise connectivity of ψ′(I).
It is known that connected graph R can be reduced by removing of certain
edges to a tree R˜ = (l, L˜), L˜ ⊂ L. It is known as well that every two vertices
of a tree could be connected by a simple path.
Let us take the simple path connecting vertices x1 and x2 of R˜ and con-
struct continuous one-to-one mapping ψ of the interval I onto this path. We
have continuous injective mapping
ψ : I → U , ψ(0) = x1 , ψ(1) = x2 .
Q. E. D.
Lemma 2 Let U be an opened connected subset of R2; x1, x2 ∈ ∂U be
accessible from U , x1 6= x2. There exists a continuous injective mapping
ψ : I → ClU such that ψ(0) = x1, ψ(1) = x2, ψ((0, 1)) ⊂ U .
Proof. Let us take continuous injective mappings ψs : I → ClU , s = 1, 2
realizing the conditions ψs(0) = xs, ψs((0, 1]) ⊂ U , s = 1, 2.
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Mappings ψ1, ψ2 could be selected so as to satisfy equality ψ1(I)∩ψ2(I) =
∅. Really, assume it is not the case. We denote
t0 = min{t ∈ I | ψ1(t) ∈ ψ2(I)}.
Since the compact sets x1 = ψ1(0) and ψ2(I) have a trivial intersection (i. e.
d(x1, ψ2(I)) > 0) and to addition mapping ψ1 is continuous, the inequality
t0 > 0 is valid and ψ1 could be replaced by mapping
ψ˜1 : I → ClU,
ψ˜1(t) = ψ1(
tt0
2
),
so that ψ˜1(I) ∩ ψ2(I) = ∅.
Denote z1 = ψ1(1) ∈ U , z2 = ψ2(1) ∈ U . In accord with lemma 1 there
exists a continuous injective mapping ψ′ : I → U such that ψ′(0) = z1,
ψ′(1) = z2.
Assume
ts = min{t ∈ I | ψs(t) ∈ ψ
′(I)} , s = 1, 2 .
Since the compact sets xs and ψ
′(I) are mutually disjoint (i. e. d(xs, ψ
′(I)) >
0), s = 1, 2 and to addition the mappings ψs are continuous, the inequalities
ts > 0, s = 1, 2 are realized. As mapping ψ
′ is injective, points τs ∈ I, s = 1, 2
complying with equalities ψ′(τs) = ψs(ts) are unumbiguously defined.
Under τ1 < τ2 we denote
α = t1 + t2 + τ2 − τ1,
ψ(t) =

ψ1(αt) when t ∈ [0,
t1
α
)
ψ′(αt− t1 + τ1) when t ∈ [
t1
α
, t1+τ2−τ1
α
]
ψ2(α− αt) when t ∈ (
t1+τ2−τ1
α
, 1]
,
else
α = t1 + t2 + τ1 − τ2,
ψ(t) =

ψ1(αt) when t ∈ [0,
t1
α
)
ψ′(αt− t1 + τ2) when t ∈ [
t1
α
, t1+τ1−τ2
α
]
ψ2(α− αt) when t ∈ (
t1+τ1−τ2
α
, 1]
.
Mapping ψ : I → I2 meets with the conclusion of lemma 2.
Lemma is proved.
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The set ∂D divides R2 into two connected components, thus the dimen-
sion of ∂D is not less than one [1] and it containes more than one point.
We fix two distinct points z1, z2 ∈ ∂D. According to lemma 2 there exist
continuous injective mappings
ϕ1 : I → D, ϕ2 : I → R
2 \ IntD
such that ϕ1((0, 1)) ⊂ IntD, ϕ2((0, 1)) ⊂ R
2 \ D, ϕi(0) = z1, ϕi(1) = z2
i = 1, 2.
The mapping
γ : I → R2
γ(t) =
{
ϕ1(2t) when t ∈ [0,
1
2
)
ϕ2(2(1− t)) when t ∈ [
1
2
, 1]
could be considered as the mapping γ : S1 = I/({0} ∪ {1}) → R2 being
continuous and injective.
It is known that a sircle imbedded into R2 bounds a disk. Consequently
the set γ(S1) bounds a closed subset B1 of R
2 homeomorphic to disk.
We have already proved that γ(S1) decomposes R2 into two connected
components IntB1 and R
2 \B1, with any point of γ(S
1) = ∂B1 being acces-
sible both from IntB1 and from R
2 \B1.
Let us show that ∂D ∩ IntB1 6= ∅. To this end we fix y1 ∈ ϕ1((0, 1)) ⊂
IntD, y2 ∈ ϕ2((0, 1)) ⊂ R
2 \ D. Lemma 2 guarantees the existence of a
continuous injective mapping ψ : I → B1 such that ψ(0) = y1, ψ(1) = y2,
ψ((0, 1)) ⊂ IntB1. Since the points y1, y2 belongs to distinct connected
components of R2 \ ∂D then ψ(I) ∩ ∂D 6= ∅ and there exists t ∈ (0, 1) such
that ψ(t) ∈ ∂D.
Similarly is proved that ∂D ∩ (R2 \B1) 6= ∅.
Lemma 3 The opened sets D˜
(1)
1 = IntB1 ∩ IntD, D˜
(1)
2 = IntB1 ∩ (R
2 \D)
are arcwise connected.
Proof. Let y1, y2 ∈ D˜
(1)
1 . In accord with lemma 1 there exists an injective
continuous mapping ψ : I → IntD, ψ(0) = y1, ψ(1) = y2. If ψ(I) ∩ ∂B1 = ∅
then ψ(I) ⊂ IntB1 and the points y1, y2 are contained in the same connected
component of D˜
(1)
1 .
Suppose ψ(I) ∩ ∂B1 6= ∅. We assume
t1 = min{t ∈ I | ψ(t) ∈ ∂B1} ,
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t2 = max{t ∈ I | ψ(t) ∈ ∂B1} .
Since y1 = ψ(0) ∈ IntB1 and y2 = ψ(1) ∈ IntB1, the values t1, t2 meet an
inequality 0 < t1 ≤ t2 < 1.
Consider the unumbigously defined values τ1, τ2 ∈ (0, 1) complying with
the equalities ϕ1(τi) = ψ(ti), i = 1, 2. For defenitness we can suppose τ1 ≤ τ2.
Compacts ∂D and ϕ1([τ1, τ2]) have a trivial intersection, thus
ε = d(∂D, ϕ1([τ1, τ2])) > 0.
Let us fix a homeomorphism
f : B1 → {(r, ϕ) ∈ R
2 | |r| ≤ 1}.
Mappings f , f−1 are uniformly continuous. Therefore δ > 0 could be found
to realize an implication of d(f−1(z1), f
−1(z2)) < ε/2 from d(z1, z2) < δ. Also
δ0 > 0 could be found such that d(x1, x2) < δ0 implies d(f(x1), f(x2)) < δ.
Since the mapping ψ : I → IntB1 is continuous, there exists t
′
1, t
′
2 ∈ (0, 1),
0 < t′1 < t1, t2 < t
′
2 < 1 satisfying to the inequalities
d(ψ(ti), ψ(t
′
i)) < δ0, i = 1, 2.
Under the mapping f the set ϕ1([τ1, τ2]) pases to an arc
S0 = {(r, ϕ) ∈ R
2 | r = 1, ϕ ∈ [ϕ1, ϕ2]}
of the sircle {(r, ϕ) ∈ R2 | r = 1}. Here ϕi is a certain polar angle corre-
sponding to the point f ◦ ϕ1(τi), i = 1, 2.
There exists a continuous mapping α˜ : I → {(r, ϕ) ∈ R2 | |r| < 1},
α˜(0) = f ◦ ψ(t′1), α˜(1) = f ◦ ψ(t
′
2) such that α˜(I) ⊂ Uδ(S0). We can assume
for instance
α˜(t) = (tr′2 + (1− t)r
′
1, tϕ
′
2 + (1− t)ϕ
′
1),
where (r′i, ϕ
′
i) is an appropriate presentation of f ◦ ψ(t
′
i). i = 1, 2 in polar
coordinats.
An image of the mapping α = f−1 ◦ α˜ : I → IntB1 lies in the ε/2 –
neighbourhood of the arc ϕ1([τ1, τ2]), thus α(I) ∩ ∂D = ∅.
Denote
a = 2 + t′1 − t
′
2,
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ψ˜(t) =

ψ(at) when t ∈ [0,
t′
1
a
)
α(at− t′1) when t ∈ [
t′1
a
,
1+t′1
a
)
ψ(at− 1− t′1 + t
′
2) when t ∈ [
1+t′
1
a
, 1]
We obtain the continuous mapping ψ˜ : I → IntB1 such that ψ˜(0) = y1,
ψ˜(1) = y2, ψ˜(I) = ψ([0, t
′
1) ∪ (t
′
2, 1]) ∪ α(I). Therefore points y1, y2 belong
to a same connected component of D˜
(1)
1 . The arcwise connectedness of D˜
(1)
1
follows from the arbitrary rool of selection for y1, y2.
Analogously is proved the arcwise connectedness of D˜
(1)
2 .
Lemma 3 is proved.
We arive to the following construction. Let
K(1) = ∂D ∩ B1, D
(1)
1 = B1 ∩ IntD, D
(1)
2 = B1 ∩ (R
2 \D).
At that time B1 = D
(1)
1 ∪ D
(1)
2 ∪ K
(1) where D
(1)
1 , D
(1)
2 are opened in B1
arcwise connected sets complying with the equalities D
(1)
1 ∩D
(1)
2 = ∅, K
(1) =
∂D
(1)
1 = ∂D
(1)
2 . Any point of K
(1) is accesible both from D
(1)
1 and D
(1)
2 .
Furthermore K(1) ∩ ∂B1 = {z1} ∪ {z2} for certain z1 6= z2.
Let us construct an analogous design containing a homeomorphic image
of the set ∂D ∩ (R2 \ IntB1).
We fix a point z0 ∈ IntB1 ∩ IntD1. There exists a linear automorphism
of R2 translating z0 to the origin of coordinates. Thus we can assume the
origin to be contained in IntB1 ∩ IntD1.
Consider the involution
f : R2 \ {0} → R2 \ {0}, f(r, ϕ) = (r−1, ϕ),
which is known to be an automorphism of R2 \ {0}.
Note the opened set (IntD)\{0} is connected. Really, fix y1, y2 ∈ IntD\
{0}. We shall take ψ : I → IntD – a continuous curve in IntD connecting
y1 and y2. Since 0 ∈ IntD there exists δ > 0 such that Uδ(0) ⊂ IntD. Let
ε =
1
2
min(δ, d(y1, 0), d(y2, 0)).
It is evident that ClUε(0) ⊂ IntD. In the case ψ(I)∩ClUε(0) = ∅ points y1,
y2 are contained in a same connected component of IntD \ {0}. Presuppose
ψ(I) ∩ ClUε(0) 6= ∅.
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Denote
t1 = min{t ∈ I | d(ψ(t), 0) ≤ ε},
t2 = max{t ∈ I | d(ψ(t), 0) ≤ ε}.
By virtue of choise of ε the inequalities 0 < t1, t2 < 1 are valid. Let us
consider an arc of the sircle bounding Uε(0) with endpoints ψ(t1), ψ(t2).
Substituting the curve ψ : [t1, t2]→ IntD with this arc we receive a continu-
ous path ψ˜ : I → IntD \ {0} joining y1 with y2. On the strength of arbitrary
rool for selection of y1, y2 the set IntD \ {0} is connected.
Hence the set R2 \ ({0} ∪ f(∂D)) have two connected components.
Since the set D is limited and relation
◦
Uε (0) = {x ∈ R
2 | d(x, 0) ∈
(0, ε)} = f({x ∈ R2 | d(x, 0) > 1/ε}) is valid for all ε > 0, there exists δ > 0
such that
◦
U δ (0) ⊂ f(R
2 \ D) ⊂ R2 \ f(∂D). Therefore in the first place
0 ∈ Int(R2 \ f(∂D)) and the set R2 \ f(∂D) is opened; in the second 0 and
f(R2\D) are contained in the same connected component of R2\f(∂D) while
0 and f(IntD) – in distinct components. Consequently the set R2 \ f(∂D)
have two connected components one of which is limited since Uε(0) ⊂ IntD
for certain ε > 0 and f(Uε(0)) = {x ∈ R
2 | d(x, 0) ≥ 1/ε} ⊂ f(IntD).
Denote this component by V . At that time f(R2 \D) ⊂ V and ∂V = f(∂D).
Denote D′ = Cl V . we received the compact subset of R2 complying with
conditions 1) – 4) of the theorem with any point of ∂D being accessible even
from f(R2 \D) ⊂ IntD′ and f(IntD) = R2 \D′).
Consider continuous injective mappings
ϕ˜1 = f ◦ ϕ1 : I → R
2 \ IntD′, ϕ˜2 = f ◦ ϕ2 : I → D
′.
They meet with the conditions ϕ˜1((0, 1)) ⊂ R
2 \ D′, ϕ˜2((0, 1)) ⊂ IntD
′,
ϕ˜i(0) = f(z1) ∈ ∂D
′, ϕ˜i(1) = f(z2) ⊂ ∂D
′, i = 1, 2.
The mapping
γ˜ : S1 = I/({0} ∪ {1})→ R2,
γ˜(t) =
{
ϕ˜1(2t) when t ∈ [0,
1
2
)
ϕ˜2(2(1− t)) when t ∈ [
1
2
, 1)
appears to be continuous and injective. Therefore the set γ˜(S1) bounds a
closed disk B2 ⊂ R
2.
The immediate verification shows that f(R2 \ IntB1) ⊂ B2, f(B1) =
R
2 \ IntB2, thus K
(2) = f(∂D \ IntB1) = ∂D
′ ∩ B2.
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Denote
D
(2)
1 = B2 ∩ IntD
′, D
(2)
2 = B2 ∩ (R
2 \D′).
By repeating argument mentioned beyond for D
(1)
1 , D
(1)
2 we draw a conclu-
sion that D
(2)
1 , D
(2)
2 are opened in B2 arcwise connected sets satisfying the
equations B2 = D
(2)
1 ∪ D
(2)
2 ∪K
(2), D
(2)
1 ∩ D
(2)
2 = ∅, K
(2) = ∂D
(2)
1 = ∂D
(2)
2 ,
with any point of K(2) being accessible both from D
(2)
1 and D
(2)
2 . Furthemore
K(2) ∩ ∂B2 = {f(z1)} ∪ {f(z2)} (f(z1) 6= f(z2).
Consider the space (I2, d), where I2 = [0, 1]× [0, 1] and d is a metric on
I2.
Consider also a triple D1, D2, K complying with the following conditions.
I2 = D1 ∪ D2 ∪ K, where D1, D2 are opened in I
2 arcwise connected sets
realizing the equalities D1 ∩D2 = ∅, K = ∂D1 = ∂D2, with any point of K
being accessible both from D1 and D2. Furthemore K ∩ ∂I
2 = {a} ∪ {b} for
certain a ∈ {0} × (0, 1), b ∈ {1} × (0, 1).
There exist homeomorphisms hi : Bi → I
2, i = 1, 2 such that h1(z1),
h2 ◦ f(z1) ∈ {0} × [0, 1]; h1(z2), h2 ◦ f(z2) ∈ {1} × [0, 1].
Under the mapping hi the triple D
(i)
1 , D
(i)
2 , K
(i) passes to a triple kind
D1, D2, K.
To complete the proof of theorem it is sufficient to verify the set K from
the triple D1, D2, K specified above is homeomorphic to an interval.
Denote
{0} × [0, 1] = Il , {0} × (0, 1) =
◦
Il ,
{1} × [0, 1] = Ir , {1} × (0, 1) =
◦
Ir ,
[0, 1]× {0} = Ib , (0, 1)× {0} =
◦
Ib ,
[0, 1]× {1} = It , (0, 1)× {1} =
◦
It .
Proposition 1 Let x be contained in K \ ({a} ∪ {b}). There exists a con-
tinuous injective mapping ϕx : I → I
2 complying with relations
ϕx(0) ∈
◦
Ib , ϕx(1) ∈
◦
It , ϕx(1/2) = x ,
ϕx(0, 1) ⊂ Int I
2 , ϕx([0, 1/2)) ⊂ D1 , ϕx((1/2, 1]) ⊂ D2 .
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Proof. Examine the opened sets
U1 = D1 ∩ (I
2 \ ∂I2), U2 = D2 ∪ (I
2 \ ∂I2).
By analogy with lemma 3 it is proved that the sets U1, U2 are arcwise con-
nected.
We fix the points z1 ∈
◦
Ib, z2 ∈
◦
It. Any of these points is accessible from
I2\∂I2 since I2 is homeomorphic to a disk. Consequently continuous injective
mappings
ϕ′i : I → I
2, i = 1, 2
could be found to realize the correlations ϕ′i(0) = zi, ϕ
′
i((0, 1]) ∈ I
2 \ ∂I2.
Denote
ti = min{t ∈ I | ϕ
′
i(t) ∈ K}, i = 1, 2.
As zi = ϕ
′
i(0) 6∈ K then ti > 0, i = 1, 2.
It is obvious that injective continuous mappings
ϕi : I → I
2, ϕi(t) = ϕ
′
i(
tti
2
), i = 1, 2
meet the conditions ϕi(0) = zi, ϕi((0, 1]) = ϕ
′
i((0, ti/2]) ⊂ (I
2\∂I2)∩Di = Ui,
i = 1, 2.
Hence points zi are accessible from Ui, i = 1, 2.
Similarly is proved that x ∈ K \ ({a} ∪ {b}) is accessible both from U1
and U2.
In accord with lemma 2 there exist continuous injective mappings
ψi : I → ClUi = ClDi, i = 1, 2
such that ψi(0) = zi, ψi(1) = x, ψi((0, 1)) ⊂ Ui ⊂ Di.
Since D1∩D2 = K = ∂D1 = ∂D2, Ui ⊂ IntDi, i = 1, 2, then U1∩U2 = ∅
and the continuous mapping
ϕx : I → I
2,
ϕx(t) =
{
ψ1(2t), for t ∈ [0,
1
2
)
ψ2(2(1− t)), for t ∈ [
1
2
, 1]
appeares to be injective and it complies with all conditions of the proposition.
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Proposition 2 Let x, y, K \ ({a} ∪ {b}), x 6= y, ϕx : I → I
2 be a mapping
satisfying the conditions of proposition 1. There exists a continuous injective
mapping ϕy : I → I
2 realizing conditions of proposition 1 and such that
ϕx(I) ∩ ϕy(I) = ∅.
Proof. For defenitness we suppose that y and Ir are contained in the same
connected component of I2 \ ϕx(I).
Consider the disk B bounded by ϕx(I)∪([ϕx(1), 1]×{1})∪Ir∪([ϕx(0), 1]×
{0}). There exists a homeomorphism f : B → I2 meeting the equalities
f(ϕx(I)) = Il, f(Ir) = Ir.
Remark that V1 = f(D1 ∩ B) and V2 = f(D2 ∩ B) are opened in I
2
nonintersecting arcwise connected sets with the common boundary K˜ =
f(K ∩B) every point of which is accessible both from V1 and V2.
According to proposition 1 a continuous injective mapping ψf(y) : I → I
2
could be found to comply with relations
ψf(y)(0) ∈
◦
Ib , ψf(y)(1) ∈
◦
It , ψf(y)(1/2) = f(y) ,
ψf(y)((0, 1)) ⊂ Int I
2 , ψf(y)[0, 1/2) ⊂ V1 , ψf(y)(1/2, 1] ⊂ V2 .
The mapping ϕy = f
−1 ◦ ψf(y) : I → I
2 will be desired.
We will define a linear order relation on K.
Definition 2 Let x, y be contained in K \ ({a} ∪ {b}), ϕx : I → I
2 be a
mapping satisfying the conditions of proposition refprop1. It divides I2 into
two closed disks H1 and H2, so as H1 ∩H2 = ϕx(I), Il ⊂ H1, Ir ⊂ H2. We
will say y ≤ x if y ∈ H1, y ≥ x if y ∈ H2. We set a ≤ x and b ≥ x for any
x ∈ K.
The following statement will be necessary in order to check the correctness
of the definition.
Lemma 4 Let x, y ∈ Int I2, x 6= y. Let ϕ′x, ϕ
′′
x, ϕy : I → I
2 be continuous
injective mappings complying with the following conditions:
1) ϕ′x(0), ϕ
′′
x(0), ϕy(0) ∈
◦
Ib;
2) ϕ′x(1), ϕ
′′
x(1), ϕy(1) ∈
◦
It;
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3) ϕ′x(1/2) = ϕ
′′
x(1/2) = x, ϕy(1/2) = y;
4) ϕ′x(0, 1), ϕ
′′
x(0, 1), ϕy(0, 1) ⊂ I
2 \ ∂I2;
5) ϕ′x(I) ∩ ϕy(I) = ∅;
6) Point y and the set Ir are contained in the same connected component
of I2 \ ϕ′x(I);
7) Point y and the set Il are contained in the same connected component
of I2 \ ϕ′′x(I).
There exists a continuous mapping ψ : I → I2 realizing relations
1) ψ(I) ⊂ ϕ′′x(I) ∪ ϕy(I);
2) ψ(0) ∈
◦
Ib, ψ(1) ∈
◦
It;
3) x, y 6∈ ψ(I).
Proof. The set ϕ′x decomposes I
2 into two closed disks A′1 and A
′
2 so that
A′1 ∪ A
′
2 = I
2, A′1 ∩ A
′
2 = ϕ
′
x(I), A
′
1 ⊃ Il, A
′
2 ⊃ Ir.
Analogously the set ϕ′′x divides I
2 into two closed disks A′′1 and A
′′
2, A
′′
1 ∪
A′′2 = I
2, A′′1 ∩ A
′′
2 = ϕ
′′
x(I), A
′′
1 ⊃ Il, A
′′
2 ⊃ Ir.
The set ϕy partitions I
2 into two closed disks B1 and B2, B1 ⊃ Il, B2 ⊃ Ir,
with y ∈ IntA′′1 ∩ IntA
′
2, B2 ⊂ A
′
2 and x 6∈ B2. Therefore ϕ
′′
x((t1, t2)) ⊂ B2
involves either t1, t2 < 1/2 or t1, t2 > 1/2.
Let us fix a point z ∈ Ir. Mark z ∈ IntB2 ∩ IntA
′′
2 in the topology
induced from I2. Join the points y and z with an injective continuous curve
γ˜ : I → B2 such that γ˜(0) = y, γ˜(1) = z, γ˜((0, 1)) ⊂ IntB2.
Since y ∈ IntA′′1 we can find ε > 0 to satisfy the inclusion Bε(y) ⊂ IntA
′′
1.
By virtue of the continuity of γ˜ there exists t1 ∈ (0, 1) complying with the
inclusion γ˜([0, t1]) ⊂ Bε(y). Consequently the equalities γ˜([0, t1]) ∩ A
′′
2 = ∅,
γ˜([0, t1]) ∩ ϕ
′′
x(I) = ∅ are valid. Analogously t2 ∈ (0, 1) could be found to
meet the formula γ˜([t2, 1]) ∩ ϕ
′′
x(I) = ∅.
Denote the following mapping by µ˜ : I → B2: µ˜(t) = γ˜((t2 − t1)t + t1),
µ˜(0) = γ˜(t1), µ˜(1) = γ˜(t2), µ˜(I) ⊂ IntB2.
There exists a small perturbation of µ˜ resulting in the intersection of µ˜
and ϕ′′x to become transversal. Therefore the mapping µ : I → B2 could be
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found to meet the conditions µ(0) = γ˜(t1), µ(1) = γ˜(t2), µ(I) ⊂ IntB2 with
µ and ϕ′′x to be intersected transversally in the finit number of points, as the
sets µ(I) and ϕ′′x(I) are compact.
The mapping γ : I → B2,
γ(t) =
{
γ˜(t), when t ∈ [0, t1) ∪ (t2, 1]
µ( t−t1
t2−t1
), when t ∈ [t1, t2]
satisfyes the following conditions: γ(0) = y, γ(1) = z, γ((0, 1)) ⊂ IntB2, γ
have a transversal intersection with ϕ′′x.
Let {Ji = ϕ
′′
x([ti,1, ti,2]), i ∈ N} be a system of connected segments of ϕ
′′
x
such that
ϕ′′x(ti,k) ∈ ∂B2, i = 1, . . . , n, k = 1, 2 ;
ϕ′′x((ti,1, ti,2)) ⊂ IntB2, i = 1, . . . , n, ;
ϕ′′x(I) ∩ γ(I) ⊂
n⋃
i=1
Ji .
We are going to show the existance of j ∈ {1, . . . , n} such that y and z
are contained in the different arcwise connected components of B2 \ Jj.
Assume it is not a case and the points y and z are situated in a same
component of B2 \ Ji for all i ∈ {1, . . . , n}.
Each set Ji, i{∈ 1, . . . , n} decomposes B2 into two arcwise connected
components. Denote B˜2(i) the component of B2 \ Ji containing y and z.
Set
τ1 = min{t | γ(t) ∈ J1}
τ2 = max{t | γ(t) ∈ J1} .
It is obvious that γ([0, τ1))∪γ((τ2, 1]) ⊂ B˜2(1), γ(τ1) = ϕ
′′
x(s1), γ(τ2) = ϕ
′′
x(s2)
for certain s1, s2 such that t1,1 ≤ sk ≤ t1,2, k = 1, 2. Notice that sk 6= t1,k,
k = 1, 2 since ϕ′′x(s1), ϕ
′′
x(s2) ∈ IntB2.
Consider compact nonintersecting sets K1 = ϕ
′′
x([0, t1,1] ∪ [t1,2, 1]), K2 =
ϕ′′x([s1, s2]).
Denote
ε1 = d(K1, K2) = min
x1∈K1,x2∈K2
d(x1, x2) .
It is evident that ε1 > 0.
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The set Cl B˜2(1) is homeomorphic to the closed disk D = {(x, y) ∈
R
2 | x2 + y2 ≤ 1}. We shall take a homeomorphism f : Cl B˜2(1) → D.
Under the mapping f the set K2 turns to an interval K˜2 ⊂ ∂D.
Mappings f , f−1 : D → Cl B˜2(1) are uniformly continuous. Find δ1 > 0
such that the inequality d(x1, x2) < δ1 implies d(f
−1(x1), f
−1(x2)) < ε1 for
every x1, x2 ∈ D. Also δ > 0 could be found to realize an implication of
d(f(y1), f(y2)) < δ1 from d(y1, y2) < δ.
We find τ ′1 < τ1 and τ
′
2 > τ2 complying with the condition d(γ(τ
′
k), γ(τk)) =
d(γ(τ ′k), ϕ
′′
x(sk)) < min(δ, ε1/2), k = 1, 2. Then f ◦ γ(τ
′
1), f ◦ γ(τ
′
2) ∈
Uδ1(K˜2) = {x ∈ D | d(x, K˜2) < δ1}.
We join the points f ◦ γ(τ ′1) and f ◦ γ(τ
′
2) with a continuous injective
path α˜ : I → D such that α˜(0) = f ◦ γ(τ ′1), α˜(1) = f ◦ γ(τ
′
2), α˜(I) ⊂
(IntD ∩ Uδ1(K˜2)).
The mapping α = f−1 ◦ α˜ : I → B2 posesses the following properties:
α(0) = γ(τ ′1), α(1) = γ(τ
′
2), α(I) ⊂ Int B˜2(1) ∩ Uε1(ϕ
′′
x([s1, s2])) (the latter
implies α(I) ∩ (ϕ′′x(I) \ J1) = ∅), α(I) ∩ J1 = ∅.
Assume
γ1(t) =
{
γ(t), for t ∈ [0, τ ′1) ∪ (τ
′
2, 1]
α(
t−τ ′1
τ ′
2
−τ ′
1
), for t ∈ [τ ′1, τ
′
2]
The mapping γ1 : I → B2 is continuous and the following conditions are
realized:
γ1(0) = y, γ1(1) = z, γ1((0, 1)) ⊂ IntB2 ;
γ1(I) ∩ ϕ
′′
x(I) ⊂
n⋃
i=2
Ji ;
γ1(I) ∩ ϕ
′′
x(I) ⊂ γ(I) ∩ ϕ
′′
x(I) .
Presuppose the mapping γk : I → B2 complying with the conditions
γk(0) = y, γk(1) = z, γk((0, 1)) ⊂ IntB2 ;
γk(I) ∩ ϕ
′′
x(I) ⊂
n⋃
i=k+1
Ji ;
γk(I) ∩ ϕ
′′
x(I) ⊂ γ(I) ∩ ϕ
′′
x(I) .
is already built for certain k ∈ {1, . . . , n− 1}.
Let us build a mapping γk+1 : I → B2 with analogously properties.
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Put
τ1 = min{t | γk(t) ∈ Jk+1}
τ2 = max{t | γk(t) ∈ Jk+1} .
Like beyond, we can find points τ ′1 < τ1, τ
′
2 > τ2 and a mapping αk : I →
B2 such that αk(0) = γ(τ
′
1), αk(1) = γ(τ
′
2) αk(I) ⊂ IntB2, αk(I)∩ϕ
′′
x(I) = ∅.
Assume
γk+1(t) =
{
γk(t), for t ∈ [0, τ
′
1) ∪ (τ
′
2, 1]
αk(
t−τ ′
1
τ ′
2
−τ ′
1
), for t ∈ [τ ′1, τ
′
2]
The mapping γn : I → B2 complies with the equality γn(I) ∩ ϕ
′′
x(I) = ∅.
But this is impossible since y ∈ IntA′′1 = Int(I \ A
′′
2), z ∈ IntA
′′
2 and ∂A
′′
1 =
∂A′′2 = ϕ
′′
x(I) in the topology induced from I
2.
Thus j ∈ {1, . . . , n} could be found such that the points y and z are
contained in the distinct connected components of B2 \ Jj .
Assume Jj = ϕ
′′
x([t1, t2]), 0 ≤ t1 < t2 < 1/2 (the case 1/2 < t1 < t2 ≤ 1 is
considered analogously).
Points y and z decompose ∂B2 into two connected components, one of
which is situated in ϕy([0,
1
2
)) ∪ Ib ∪ Ir, other is lying in ϕy((
1
2
, 1]) ∪ It ∪ Ir.
Also Jj ∩ Ir = ∅ and (ϕy([0,
1
2
)) ∪ Ib) ∩ (ϕy((
1
2
, 1]) ∪ It) = ∅. Consequently
one of the points ϕ′′x(t1), ϕ
′′
x(t2) is contained in the set
β1 = ϕy([0,
1
2
)) ∪ Ib ,
other lies in
β2 = ϕy((
1
2
, 1]) ∪ It .
Suppose ϕ′′x(t1) ∈ β1, ϕx(t2) ∈ β2. Mark ϕx(t2) 6∈ It since t2 < 1/2 < 1.
There exists a unique τ2 ∈ (1/2, 1) such that ϕy(τ2) = ϕ
′′
x(t2). One of two
following possibilities could be realized:
1) Either ϕ′′x(t1) ∈ Ib. Then t1 = 0 and the mapping
ψ : I → I2 ,
ψ(t) =
{
ϕ′′x(t), for t ∈ [0, t2)
ϕy(
1−τ2
1−t2
(t− t2) + τ2), for t ∈ [t2, 1]
satisfies the statement of lemma.
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2) Or ϕ′′x(t1) ∈ ϕy((0, 1/2)). Then t1 ∈ (0, 1/2). Find τ1 ∈ (0, 1/2) to satisfy
the equality ϕy(τ1) = ϕ
′′
x(t1). The mapping
ψ : I → I2 ,
ψ(t) =
{
ϕy(t), for t ∈ [0, τ1) ∪ (τ2, 1]
ϕ′′x(
t2−t1
τ2−τ1
(t− τ1) + t1), for t ∈ [τ1, τ2]
complies with the statement of lemma.
Enter upon testing the correctness of the definition given above.
Let x, y be arbitrary elements of K \ ({a} ∪ {b}).
1) Let us show the definition does not depend on a choise of the mapping
ϕx : I → I
2.
Let us take two injective continuous mappings ϕ′x, ϕ
′′
x : I → I
2 to realize
the following conditions: ϕ′x(0), ϕ
′′
x(0) ∈
◦
Ib, ϕ
′
x(1), ϕ
′′
x(1) ∈
◦
It, ϕ
′
x(
1
2
) = ϕ′′x(
1
2
) =
x, ϕ′x([0,
1
2
)), ϕ′′x([0,
1
2
)) ⊂ D1, ϕ
′
x((
1
2
, 1]), ϕ′′x((
1
2
, 1]) ⊂ D2, y is contained both
in the same connected component of I2 \ ϕ′x(I) with Il and in the same
component of I2 \ ϕ′′x(I) with Ir.
In accord with proposition 2 there exists injective continuous mapping
ϕy : I → I
2, ϕy(0) ∈
◦
Ib, ϕy(1) ∈
◦
It, ϕy(
1
2
) = y, ϕy([0,
1
2
)) ⊂ D1 ϕy((
1
2
, 1]) ⊂ D2
such that ϕy(I) ∩ ϕ
′
x(I) = ∅. Our construction satisfies the conditions of
lemma 4. Therefore there exists a continuous injective mapping ψ : I → I2
such that
ψ(I) ⊂ ϕ′′x(I) ∪ ϕy(I) ,
ψ(0) ∈
◦
Ib⊂ D1 , ψ(1) ∈
◦
It⊂ D2 ,
x, y 6∈ ψ(I) .
Thus ψ(I) ∩K = ∅ what is impossible.
2) Let ϕx : I → I
2 be a mapping complying with the statement of
proposition 1. Suppose y is lying in the same connected component of I2 \
ϕx(I) with Il. Let us take a mapping ϕy : I → I
2 from proposition 2.
An emidiate verification shows that x is contained in the same connected
component of I2 \ ϕy(I) with Ir.
Let us take x, y ∈ K. We denote by W (x, y) the set {z ∈ K | x ≤ z ≤ y}
if x ≤ y and the set {z ∈ K | y ≤ z ≤ x} otherwise.
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Lemma 5 Let z1, z2 be arbitrary elements of K complying with z1 ≤ z2.
The set W (z1, z2) is compact. Under z1 6= z2 the set {z ∈ K | z1 ≤ z ≤
z2, z 6= z1, z2} appeares to be the nonempty opened set in the topology
induced on K from (I2, d).
Proof. For z1 = z2 the set W (z1, z2) consists of a single point, thus it is
compact.
Let z1 6= z2. Under z1 = a take the mapping ϕz1 : I → Il, ϕz1(t) =
{0} × {t}. Under z2 = b take the mapping ϕz2 : I → Ir, ϕz2(t) = {1} × {t}.
Otherwise find a mapping ϕz1 : I → I
2 meeting the statement of proposition
1 and a mapping ϕz2 : I → I
2 meeting the statement of proposition 2.
Consider an injective continuous mapping
γ : S1 → I2 ,
γ(t) =

ϕz1(4t) for t ∈ [0, 1/4)
((2− 4t)ϕz1(1) + (4t− 1)ϕz2(1), 1) for t ∈ [1/4, 1/2)
ϕz2(3− 4t) for t ∈ [1/2, 3/4)
((4t− 3)ϕz1(0) + (4− 4t)ϕz2(0), 0) for t ∈ [3/4, 1].
bounding a closed disk Dz1,z2, such that Dz1,z2 ∩K = W (z1, z2), IntDz1,z2 ∩
K = {z ∈ K | z1 ≤ z ≤ z2, z 6= z1, z2}.
The set IntDz1,z2 ∩ K could not be empty since IntDz1,z2 ∩ D1 6= ∅,
IntDz1,z2 ∩D2 6= ∅ with IntDz1,z2 is arcwise connected.
As K is closed and Dz1,z2 is compact, the set Dz1,z2 ∩ K = W (z1, z2) is
compact.
Lemma is proved.
We shall define the function
ρK : K ×K → R+ , ρ(x, y) = diamW (x, y) .
Proposition 3 ρK : K ×K → R+ is a distance function on K.
Proof. ρK is a nonnegative function by definition.
Let us verify the fulfillment for ρK of the distance function properties.
1) Obviously ρK(z, z) = 0 for any z ∈ K. Let ρK(z1, z2) = 0 for certain
z1, z2 ∈ K. Since ρK(z1, z2) = diamW (z1, z2) ≥ d(z1, z2), z1 = z2.
2) ρK(z1, z2) = diamW (z1, z2) = ρK(z2, z1) for any z1, z2 ∈ K.
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3) Fix z1, z2, z3 ∈ K. Let us show the correctness of
ρK(z1, z3) ≤ ρK(z1, z2) + ρK(z2, z3) . (∗)
Assume z2 6∈ W (z1, z3). In this case either W (z1, z3) ⊂ W (z1, z2) or
W (z1, z3) ⊂ W (z2, z3). The inequality (*) is fulfilled as B ⊂ A implies
diamB ≥ diamA for all limited A,B ⊂ R2.
Let z2 ∈ W (z1, z3). Since the metric d : I
2 × I2 → R+ is continuous and
the set W (z1, z3) ×W (z1, z3) ⊂ I
2 × I2 is compact, (y1, y2) ∈ W (z1, z3) ×
W (z1, z3) could be found to realize an equality
d(y1, y2) = max
x1,x2∈W (z1,z3)
d(x1, x2) = ρK(z1, z3) .
Under y1, y2 ∈ W (z1, z2) or y1, y2 ∈ W (z2, z3) either an inequality
ρK(z1, z2) ≥ d(y1, y2) = ρK(z1, z3) or d(y1, y2) = ρK(z1, z3) ≤ ρK(z2, z3)
is valid and the relation (*) is satisfyed.
In the case y1 ∈ W (z1, z2), y2 ∈ W (z2, z3) we have ρK(z1, z3) = d(y1, y2) ≤
d(y1, z2) + d(z2, y2) ≤ ρK(z1, z2) + ρK(z2, z3).
The case y1 ∈ W (z2, z3), y2 ∈ W (z1, z2) can be reduced to the preceding
since d is symmetric.
Proposition is proved.
Definition 3 Call a sequence {zk ∈ K}k∈N nondecreasing (respectively non-
increasing) in the case zk ≤ zk+1 for any k ∈ N (zk ≥ zk+1 for any k ∈ N).
Call a sequense {zk ∈ K}k∈N monotonic if it is nondecreasing or nonin-
creasing.
Definition 4 Call z ∈ K an upper (lower) bound of a sequence {zk ∈ K}k∈N
if zk ≤ z for any k ∈ N (zk ≥ z for any k ∈ N).
Call z ∈ K a least upper (greatest lower) bound of a sequense {zk ∈ K}k∈N
in case z appears an upper (lower) bound of {zk ∈ K}k∈N and any z
′ ≤ z,
z′ 6= z (z′ ≥ z, z′ 6= z) is not the upper (lower) bound of this sequence.
Lemma 6 Let {zk ∈ K}k∈N be a nonincreasing (nondecreasing) sequence.
At that time it converges in (I2, d) to a certain z ∈ K being a greatest lower
(least upper) bound of {zk}.
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Proof. Let {zn ∈ K} be a nondecreasing. Since K is compact a limit
point z ∈ K could be found for this sequence. Select a subsequence {zns}
converging to z.
Let us verify the inequality z ≥ zn is valid for any n ∈ N. Presuppose it
is not the case. At that time n0 could be found such that z ≤ zn0 , z 6= zn0 ,
hence z ≤ zn, z 6= zn for all n ≥ n0. In accord with lemma 5 we can find
y ∈ K meeting z ≤ y ≤ zn, y 6= z, zn0 .
Take a mapping ϕy : I → I
2 complying with the statement of proposition
1. It divides I2 into two closed disks A1 ⊃W (a, y), A2 ⊃W (y, b), A1∩A2 =
ϕy(I). Note z is contained in IntA1 and also zn ∈ A2 implies zn 6∈ IntA1 for
all n ≥ n0. So the set IntA1 is an opened neighbourhood of z which includes
a finite number of elements from {zn}, contradictory to a fact z is the limit
point of {zn}.
Show z is the least upper bound of {zn}. Assume it is not the case and
there exists z′ 6= z such that z′ ≤ z and zn ≤ z
′ for all n ∈ N. Take a mapping
ϕz′ : I → I
2 meeting the statement of proposition 1. It divides I2 into disks
A′1, A
′
2 where z ∈ IntA
′
2 and yn ∈ A
′
1 for all n ∈ N. This contradicts to the
fact z is the limit point of {zn}, since yn 6∈ IntA
′
2.
Presuppose there exists z′ 6= z being another limit point for {zn}. Iterat-
ing argument given above deduce point z′ is the least upper bound of {zn},
thus z′ = z and z is a limit of {zn}.
Lemma is proved.
Corrolary 1 There exists an unumbiguously defined least upper (greatest
lower) bound of nonincreasing (nondecreasing) sequence {zk ∈ K}k∈N.
Lemma 7 A monotonic subsequence could be selected from any sequence
{zk ∈ K}k∈N.
Proof. Since K is a compact every sequence {zn ∈ K} have a conver-
gent subsequence. Thus it will be enough to prove lemma for convergent
sequences.
Fix a sequence {zn ∈ K} converging to a certain z ∈ K. As K =
W (a, z) ∪ W (z, b), either W (a, z) or W (z, b) contains an infinit number of
elements from the sequence. Suppose this is W (a, z). Without loss of gen-
erality we can consider zn to be contained in W (a, z), i. e. zn ≤ z for any
n ∈ N.
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If a stationary subsequence could be selected from {zn} the subsequence
will be monotonic. Suppose this is not the case. Therefore a subsequence
{znk} could be chosen with mutually distinct elements. We can also assume
zn 6= z for any n ∈ N.
Mark off in our case the inequalities zn1 ≤ zn2 , zn1 ≥ zn2 could not be
valid simultaniously for n1 6= n2 since zn1 6= zn2 .
Let n0 be a value such that zn ≤ zn0 for all n > n0. Take a mapping
ϕzn0 : I → I
2 satisfying the statement of proposition 1. It divides I2 into
two closed disks A1 and A2 complying with the relations A1 ∩A2 = ϕzn0 (I),
A1 ∩K = W (a, zn0), A2 ∩K = W (zn0, b). On one hand z ∈ {x ∈ K | zn0 <
x ≤ b, x 6= zn0} ⊂ IntA2 (in the topology induced from I
2), since zn0 ∈
W (a, z) and zn0 6= z. On the other hand zm ∈ A1 for any m > n0, thus
zm 6∈ IntA2. Hence IntA2 appears to be the opened neighborhood of z
containing the finite number of elements from {zn}. This is impossible since
z is the limit point of {zn}.
Consequently for any n ∈ N there exists m > n such that zm ≥ zn and a
nondecreasing subsequence of {zn}n∈N could be found.
Proposition 4 Both the restriction of metric d onto K and the distance
function ρK generate the same topology on K.
First we will prove one simple statement.
Lemma 8 Let {xn}, {yn} be nondecreasing (nonincreasing) sequences meet-
ing the following condition: for any n ∈ N there exist m1, m2 ∈ N such that
ym1 ≥ xn, xm2 ≥ yn ( ym1 ≤ xn, xm2 ≤ yn).
Let x be a least upper (greatest lower) bound of {xn}. Then x is the least
upper (greatest lower) bound for {yn}.
Proof of lemma 8. Consider the case sequences {xn}, {yn} are nondecreas-
ing. Let zx, zy be the least upper bounds respectively of {xn} and {yn}. In
accord with conditions of lemma zy is the upper bound for xn since yn ≤ zy
for all n ∈ N and m1 could be found for any n to realize the inequality
xn ≤ ym1 .
Therefore zy ≥ zx as zx is the least upper bound of xn. Analogously we
receive zx ≥ zy, thus zx = zy.
Q. E. D.
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Proof of proposition 4. For any z0 ∈ K both the collection
Wε(z0) = {z ∈ K | ρK(z, z0) < ε}, ε > 0
is a determining system of neighborhoods in the topology generated by ρK
and the collection
Bε(z0) = {z ∈ K | d(z, z0) < ε}, ε > 0
is a determining system of neighborhoods in the topology induced on K from
(I2, d).
1) Verify the validity of following statement: for every ε > 0 there exists
δ > 0 such that Wδ(z0) ⊂ Bε(z0). Really, ρK(z, z0) = diamW (z, z0) ≥
d(z, z0) for any z ∈ K. Therefore ρK(z, z0) < ε implies d(z, z0) < ε and we
can take δ = ε.
Thus the topology on K induced by ρK is stronger than topology gener-
ated by d.
2) Inversly, for every ε > 0 there exists δ > 0 such that Bδ(z0) ⊂Wε(z0).
Suppose it is not the case and ε0 > 0 could be found to meet the condition
Bδ(z0) \Wε0(z0) 6= ∅ for any δ > 0. Assume δn = 1/2
n, n ∈ N. For every
n ∈ N take a point yn ∈ Bδn(z0) \Wε0(z0). We receive a sequence {yn} such
that d(yn, z0)→ 0 under n→∞, however ρK(yn, z0) ≥ ε0 for any n ∈ N.
In accord with lemma 7 {yn} contains a monotonic subsequence. Without
loss of generality we can regard {yn} to be nondecreasing.
There exist xn ∈ W (yn, z0) = {x ∈ K | yn ≤ x ≤ z0} complying with the
inequality d(xn, z0) ≥ ε0/2 since ρK(yn, z0) = diamW (yn, z0) ≥ ε0 for any
n ∈ N. According to lemma 6 z0 is the least upper bound of {yn}. Hence for
an arbitrary n ∈ N there exists m such that ym ≥ xn.
With respect to lemma 7 the sequence {xn} have a monotonic subse-
quence. Assume {xn} is monotonic. Then it is obviously undecreasing.
The sequences {xn}, {yn} satisfies demands of lemma 8. Therefore z0 is
the least upper bound of {xn} and according to lemma 6 {xn} must converge
to z0 in the topology induced from (I
2, d).
The contradiction obtained shows us the validity of 2).
Consequently the topology on K induced from (I2, d) is stronger than
the topology generated by ρK . Together with 1) it gives us an equevalence
of topologies on K induced by d and ρK respectively.
Lemma 9 For any z0 ∈ K \ {b} and ε > 0 there exists z1 ∈ Wε(z0) \ {z0} =
{z ∈ K | 0 < ρK(z, z0) < ε} complying with an equality z0 ≤ z1.
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For any z0 ∈ K \ {a} and ε > 0 there exists z2 ∈ Wε(z0) \ {z0} such that
z2 ≤ z0.
Proof. Let z0 be an arbitrary element of K \ ({a} ∪ {b}).
Presuppose ε > 0 could be found to meet the condition ρK(z, z0) ≥ ε for
every z ≥ z0, z 6= z0. Proposition 4 maintains the existance of an ε0 > 0
realizing the relation d(z, z0) ≥ 2ε0 for any z ≥ z0, z 6= z0.
Take a mapping ϕz0 : I → I
2 meeting the statement of proposition 1. It
divides I2 into two closed disks A1, A2 such that
A1 ∪ A2 = I
2, A1 ∩A2 = ϕz0(I) ,
A1 ∩K = {z ∈ K | z ≤ z0} ,
A2 ∩K = {z ∈ K | z ≥ z0} .
We are going to verify the existance of an injective continuous mapping
α : I → I2 satisfying the following conditions:
α(0) = ϕz0(t1), α(1) = ϕz0(t2)
for certain t1 < 1/2 < t2;
α(I) ⊂ Bε0(z0), α((0, 1)) ⊂ IntA2.
There exists a homeomorphism f : A2 → I
2 complying with f ◦ ϕz0(I) =
Il, f(z0) ∈
◦
Il.
The continuous mapping f−1 : I2 → A2 is well defined. Hence δ0 > 0
could be found such that d(x, y) < 2δ0 have as a consequence
d(f−1(x), f−1(y)) < ε0
for any x, y ∈ I2.
Assume δ = min(δ0, d(f(z0), It ∪ Ib)). Denote by α˜ : I → I
2 an arc of
parametrized sircle ∂Bδ(f(z0)) contained in I
2 with endpoints in Il. At that
time the mapping α = f−1 ◦ α˜ : I → A2 will meet conditions desired.
Mark the sets α(I) and K have a trivial intersection. Denote by γ : I →
I2 the injective continuous mapping
γ(t) =
{
ϕz2(t) for t ∈ [0, t1) ∪ (t2, 1]
α( t−t1
t2−t1
) for t ∈ [t1, t2]
.
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Thus the following incompatible correlations must be valid:
γ(I) ⊂ D1 ∪D2, γ(I) ∩D1 6= ∅, γ(I) ∩D2 6= ∅,
γ(I) ∩ (∂D1 ∩ ∂D2) = γ(I) ∩K = ∅.
The contradiction obtained shows the correctness of the first statement
of lemma for any z0 ∈ K \ ({a} ∪ {b}).
The argument mentioned can be extended to the case z0 = a under
ϕa : I → I
2, ϕa(t) = {0} × {t}
A2 = I
2, f = id : A2 → I
2 .
The second statement of lemma is proved analogously.
Let us fix points z1, z2 ∈ K, z1 6= z2, z1 ≤ z2.
Consider functions
fzs : K → R , s = 1, 2 ,
fzs(z) =
{
ρK(z, zs), for z ≥ zs
−ρK(z, zs), for z ≤ zs
;
fz1,z2(z) : K → R ,
fz1,z2(z) = fz1(z) + fz2(z) .
The definition of ρK with regard for proposition 4 have as a consequence
the continuity of fz1,z2. An immediate verification shows us fz1,z2 is nonde-
creasing on K.
Proposition 5 Let fz1,z2(z
′) = t′, fz1,z2(z
′′) = t′′ for certain z′, z′′ ∈ K,
z′ ≤ z′′. For an arbitrary t ∈ [t′, t′′] there exists z ∈ W (z′, z′′) being a
prototype of t under the mapping fz1,z2(z) = t.
Proof. First we are going to show
fz1,z2(K) = [−ρK(a, z1)− ρK(a, z2), ρK(z1, b) + ρK(z2, b)] .
Obviously
fz1,z2(a) = −ρK(a, z1)− ρK(a, z2) ,
fz1,z2(a) = ρK(z1, b) + ρK(z2, b) .
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Hence
fz1,z2(K) ⊂ [−ρK(a, z1)− ρK(a, z2), ρK(z1, b) + ρK(z2, b)] = J .
Mark fz1,z2(K) is a closed subset of the interval J since K is compact and
fz1,z2 is continuous.
Let τ ∈ J \ fz1,z2(K). An interval (t1, t2) ∈ J \ fz1,z2(K) could be found
to comply with ratio τ ∈ (t1, t2); t1, t2 ∈ fz1,z2(K).
The set K decomposes into two nonintersecting subsets
K1 = f
−1
z1,z2
([−ρK(a, z1)− ρK(a, z2), t1]) ,
K2 = f
−1
z1,z2
([t2, ρK(z1, b) + ρK(z2, b)]) ,
being closed in K. Sets K1, K2 are compact since K is compact.
Thus
ε = ρK(K1, K2) = min
x1∈K1, x2∈K2
ρK(x1, x2) > 0 .
As fz1,z2 is monotonic, z
(1) ≤ z(2) for any z(1) ∈ K1, z
(2) ∈ K2. In accord
with lemma 9 for an arbitrary x ∈ K1 we can found y = y(x) ∈ Bε/3(x)∩{z ∈
K | z ≥ x, z 6= x}.
Verify y(x) 6∈ K2. Really, for every z ∈ K2
ρK(y, z) + ρK(y, x) ≥ ρK(z, x) ≥ ε ,
ρK(y, z) ≥ ε− ρK(y, x) ≥ ε−
ε
3
=
2
3
ε
hence
ρK(y,K2) = min
z∈K2
ρK(y, z) ≥
2
3
ε > 0 .
Consequently y(x) ∈ K1. And what is more an opened set V (x) = {z ∈
K | z ≤ y(x), z 6= y(x)} is contained in K1.
Since x ∈ V (x) for any x ∈ K1, the system {V (x)}x∈K1 form an opened
covering of K1. Select a finite subcovering {V (xi)}
n
i=1.
Note y(xi) ≤ y(xj) implies V (xi) ⊂ V (xj) for any i, j ∈ {1, . . . , n}, i 6= j.
Take j so that V (xi) ⊂ V (xj) for all i 6= j. Then K1 ⊂ V (xj) = {z ∈ K | z ≤
y(xj), z 6= y(xj)} and y(xj) 6∈ K1.
We have a contradiction with J \ fz1,z2(K) 6= ∅. Therefore fz1,z2 = J .
Consider certain z′, z′′ ∈ K, z′ ≤ z′′. Let now f(z′) = t′, f(z′′) = t′′,
t ∈ [t′, t′′]. For t = t′ (t = t′′) assume z = z′ (z = z′′ respectively).
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Let t′ < t < t′′. Since fz1,z2 is monotonic and a ≤ z ≤ b for any z ∈ K,
then [t′, t′′] ⊂ J and t ∈ J . Therefore z ∈ K could be found such that t =
fz1,z2(z). Recalling again the monotonicity of fz1,z2 we obtain z ∈ W (z1, z2).
Lemma 10 (the main). The set K ⊂ I2 is a homeomorphic transform of
an interval.
Proof. Consider a denumerable everywhere dense subset
Q = {
m
2n
| m = 1, . . . , 2n − 1, 2n}
of the interval I = [0, 1].
Construct a denumerable everywhere dense subset QK = {zq}q∈Q of K.
Put z0 = a, z1 = b.
Let zq be allready defined for all q = m/2
k; m = 1, . . . , 2k − 1; k =
1, . . . , n− 1. In accord with proposition 5 we can select
z 2m+1
2n
∈ {z ∈ K | ρK(z, z m
2n−1
) = ρK(z, z m+1
2n−1
)} =
= {z ∈ K | fz m
2n−1
,z m+1
2n−1
(z) = 0} ⊂W (z m
2n−1
, z m+1
2n−1
) ,
for every m ∈ {1, . . . , 2n−1 − 1 }.
Denote
Wk,n = W (z k
2n
, zk+1
2n
), k = 1, . . . , 2n − 1, n ∈ N ;
an = max
k=1,...,2n−1
diam(Wk,n) .
For any n ∈ N the inequality an+1 ≤ an is valid since
W (z k
2n
, zk+1
2n
) ⊂W (z m
2n−1
, z m+1
2n−1
) ,
where m = [k
2
], hence diam(Wk,n) ≤ diam(Wm,n−1).
Show an → 0 under n → ∞. Suppose it is not the case and there exist
ε > 0 and sequence {ni ∈ N} (ni → ∞ for i → ∞) such that ani ≥ ε. The
latter implies an ≥ ε for any n ∈ N.
Find a sequence {Wkn,n | diamWkn,n ≥ ε}n∈N. Select a sequence {yn}
with mutually disjoint elements contained in {zkn
n
}n∈N∪{zkn+1
n
}n∈N to comply
with ρK(yn, ym) ≥ ε for every m, n ∈ N, n 6= m. Assume yn = z sn
n
where
sn =
{
kn, if kn is odd
kn + 1, if kn is even
.
We have ym 6= yn under m > n, since ym = z s
2m
and s is odd (thus there is
no l ∈ N such that sm
2m
= l
2n
).
Verify the validity of an inequality ρK(yn, ym) ≥ ε for any n ∈ N, m =
1, . . . , n − 1. Note ρK(z sn−1
2n
, yn) = ρK(z sn+1
2n
, yn) ≥ ε. Let z sm
2m
= ym ≤ yn.
Then ym ≤ z sn−1
2n
≤ yn and ρK(ym, yn) ≥ ρK(
zsn+1
2n
, yn) ≥ ε. The case
ym ≥ ynis considered analogously.
Thus yn is a denumerable subset of K which has no limit points. The
last is contradictory to the compactness of K.
So an → 0 under n→∞.
(1) The set QK is dense in K since a set
{z k
2n
| k = 1, . . . , 2n − 1, 2n}
forms an ε-network in K as an < ε.
(2) The mapping ϕ : QK → R+, ϕ(zr) = r is monotonic. Really zm1
2n
≤
zm2
2n
under m1 ≤ m2 for any n ∈ N. Let
z m1
2n1
≤ z m2
2n2
.
For n1 ≤ n2
m1
2n1
=
2n2−n1m1
2n2
≤
m2
2n2
.
For n1 ≥ n2
m1
2n1
≥
2n1−n2m2
2n1
=
m2
2n2
.
The subsequent argument are based on two lemmas from [2].
Lemma 11 Let a certain subset Ft of a set X such that
(.) Ft ⊂ Fs under t < s;
(b.) ∪{Ft : t ∈ D} = X
be defined for any element t of an everywhere dense subset D of R+.
Assume f(x) = inf{t : x ∈ Ft} for every x ∈ X . Then both {x : f(x) <
s} = ∪{Ft : t ∈ D, t < s} and {x : f(x) ≤ s} = ∩{Ft : t ∈ D, t > s} for
any s ∈ R.
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Lemma 12 Let a certain opened subset Ft of a topological space X such
that
(.) ClFt ⊂ Fs under t < s;
(.) ∪{Ft : t ∈ D} = X
be defined for any element t of an everywhere dense subset D of R+.
Then the function f defined as f(x) = inf{t : x ∈ Ft} is continuous.
Consider a denumerable everywhere dence subset
D = {
k
2n
| k, n ∈ N}
of R+ and a collection of opened subsets
Ft =
{
{z ∈ K | a ≤ z ≤ zt, z 6= zt}, for t ∈ D ∩ [0, 1]
K, for t 6∈ [0, 1]
.
Obviously
ClFt ⊂ {z ∈ K | a ≤ z ≤ zt}, for t ∈ D ∩ [0, 1] ;
ClFt = K, for t 6∈ [0, 1] .
Consequently ClFt ⊂ Fs as t < s. Furthemore⋃
t∈D
Ft = K .
So the collection {Ft}t∈D meets the conditions of lemma 12, thus the
mapping
f : K → R+ ,
f(x) = inf{t : x ∈ Ft}
is continuous.
Since Ft = K under t > 1, f(K) ⊂ [0, 1] and f can be considered as a
mapping f : K → [0, 1].
Let us verify f : K → [0, 1] is one-to-one mapping.
Let t be an arbitrary element of Q. In accord with lemma 11 we have
{x : f(x) = t} = (∩{Fs : s ∈ D, s > t}) \ (∪{Fs : s ∈ D, s < t}). Mark
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zt 6∈ Fs for every s < t, s ∈ D and zt ∈ Fs for any s > t, s ∈ D. Therefore
zt ∈ {x : f(x) = t} and the mapping f |QK coincides with the mapping
ϕ : QK → Q.
Show the mapping f is injective.
Take arbitrary z′, z′′ ∈ K; z′ ≤ z′′; z′ 6= z′′. In accord with lemma 9 the
opened sets
U1 = {z ∈ K | ρK(z, z
′) <
1
2
ρK(z
′, z′′)} ∩ {z ∈ K | z ≥ z′, z 6= z′}
U2 = {z ∈ K | ρK(z, z
′′) <
1
2
ρK(z
′, z′′)} ∩ {z ∈ K | z ≤ z′′, z 6= z′}
are not empty. Since the set QK is dence in K, we can select points zt1 ∈
U2∩QK and zt2 ∈ U2∩QK . Therefore z
′ ≤ zt1 ≤ zt2 ≤ z
′′ and zt1 6= zt2 . The
latter has as consequence
f(z′) ≤ f(zt1) = t1 < f(zt2) = t2 ≤ f(z
′′) ,
that is f(z′) 6= f(z′′).
Demonstrate the mapping f is surjective.
Take an arbitrary τ ∈ [0, 1]. There exists a nonincreasing sequence {sn ∈
Q} such that
τ = lim
n→∞
sn .
Consider a sequence
{zsn}n∈N .
It appears to be nonincreasing. In accord with lemma 6 {zsn} converges to
a sertain z ∈ K being the greatest lower bound of this sequence.
Since z ≤ zsn for any n ∈ N, an equality
f(z) = inf{t | z ∈ Ft} ≤ f(zsn)
is valid and f(z) ≤ τ . Presuppose f(z) < τ . As Q is dence in I there exists
t ∈ Q complying with f(z) < t < τ . Hence both z ≤ zt, z 6= zt and zt ≤ zsn
for any n ∈ N, contradictory to the fact z is a greatest lower bound of {zsn}.
It is well known that a continuous one-to-one mapping of a compact is a
homeomorphism. Thus f : K → [0, 1] appears to be a homeomorphism.
Q. E. D.
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So the setsK(1), K(2) are intervals intesecting by endpoints. Consequently
∂D = K(1) ∪ K(2) is homeomorphic to a sircle which is known to bound a
disk.
Theorem is proved.
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